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1 Summary

We introduce new types of graphical log-linear models (Edwards, 2000; Lauritzen,
1989, 1996; Whittaker, 1990) by placing restrictions on the main effects and first order
interactions. These restrictions can be represented using colours in the corresponding
associated graphs. The graphs include multiple edges between vertices to represent all
the different permutations among the categories of the associated variables included
according to the first order interaction terms in the model. The vertices or variables
on the same colour class have the same main effects in all their categories, and the
multiple edges in the same colour class imply that we have the same first order inter-
action for the elements in the same class. The symmetry and quasi-symmetry models
introduced by Caussinus (1965) are particular cases of these models. We study the
properties of the restricted models and calculate the associated likelihood equations.
Also, we express restricted models as generalized linear models (GLM) and get the
corresponding design matrix which can only be reparametrized as a full rank matrix
in some particular cases . Finally, we derive an algorithm to solve the likelihood equa-
tions, which is a modification of the Iterative Proportional Fitting algorithm.

Keywords: Generalized linear models, graph colourings, graphical log-linear models,
iterative proportional fitting, log-linear models, Newton Raphson method, symmetry
and quasi-symmetry models.

2 Introduction

This report introduces a new type of graphical log-linear models, restricted or coloured
graphical log-linear models, which are particular cases of hierarchical log-linear models.
Log-linear models, specifically restricted graphical models, are used to understand the
association between discrete variables for data which are usually presented as contin-
gency tables. Log-linear models could be expressed as ANOVA models in which the
response variable is the expected frequency and the explanatory variables are reflected
in the main effects and interactions included in the model. Different models are rep-
resented according to the parameters included. Restricted graphical log-linear models
can be represented graphically including equality restrictions between certain param-
eters. There are two kinds of restrictions: restrictions generated by classes in which
the main effects in the same restriction class are identical in all their categories and
restrictions generated by classes in which the first order interactions in the same class
are identical. Such restrictions and the corresponding models can be represented by
colouring the associated graph.

These models with discrete variables are analogous to graphical Gaussian mod-
els with edge and vertex symmetries introduced by Hgjsgaard and Lauritzen (2005,
2007a, and 2007b). In the continuous case due to the characteristics of the Gaussian
distribution, the symmetry restrictions or vertex and edge colourings are placed on the
concentration matrix (inverse covariance matrix) which is formed by the parameters
that determine the graphical models, whereas in the discrete case by using vertex and



edge colourings imposes restrictions on parameters associated to main effects and first
order interactions, but does not imply restrictions on parameters associated to second
or higher order interactions, in this sense restricted graphical log-linear models can
be still further generalized by restricting parameters associated to two or higher order
interactions.

Some advantages of restricted graphical log-linear models are that they can: a) give
a better fit to the data because they could adapt better to the underlying structure,
b) help to get a better understanding of the relations among the cells on the table, c)
be used to visualize the same information got in graphical log-linear models, for exam-
ple we can get marginal and conditional independences among the variables using the
graphical concept of separator sets, d) be more parsimonious than the corresponding
models without restrictions, and finally, e) present the information in a visual, intuitive,
and accessible way, mainly when the number of variables is not so large, for example
less than 10 variables.

Symmetry and quasi-symmetry models (Caussinus, 1965, Agresti, 2002, p. 423-431,
Bishop et al., 1975, p. 282-308) can be seen as particular cases of restricted graphical
models with two variables. In this sense, restricted graphical log-linear models could be
considered as a generalization of these models as suggested by Hgjsgaard and Lauritzen
(2007a, p. 21). For some other generalizations of symmetry and quasi-symmetry see
Andersen, 1991, p. 328-329, Bishop et al., 1975, p. 299-309, and Haberman, 1978 and
1979, p. 503-509. Graphical log-linear models are also a particular case of restricted
graphical models in which there are no additional restrictions imposed on the param-
eters which is a possibility included in restricted graphical models.

The following relations are observed among the restricted graphical log-linear mod-
els and other log-linear models:

Log-linear modelsD Hierarchical log-linear models O Restricted graphical log-linear
models O Graphical log-linear models.

3 Notation and terminology

| Z] number of elements in a set Z.
A=V set of vertices or set of variable names.
E set of multiple edges corresponding to the associated graph.

(V1,Va, ..., V) vertex partition of V into T' classes.
(E1, Es, ..., Es) edge partition of F into S classes.

o k th vertex in the colour class V;, i=1,....T; k=1,....k(1).

I = (Is)sen discrete random variables associated to the set of vertices.
Is categories or level set for Is.

|Ls] total number of categories for the variable I5.



I: I = xgsenals variable value combinations.

7 cell or particular variable value combination, ¢ € I. If we had a
two-way contingency table, a particular cell could be denoted as
(41,12). Similarly for q-way contingency tables, i = (i1, 42, ..., iy).

i) probability for a given cell 4, i € L.

(1) expected frequency in cell 7, ¢ € I. In a two-way contingency table,
the expected frequency for a specific cell is denoted as m(iy, iz).

m expected frequency vector, m’ = (m(i));er.
m(7) estimated expected frequency in cell 7, i € 1.
n(7) observed count in cell 7, 7 € I. In a two-way contingency table,
the observed count for a specific cell is denoted as n(iq,is).
n observed count vector, n’ = (n(i))er.
1, for a C A, marginal sub vector of I with values i,, i, € I, = Xscqls.
1| marginal cells total.
generating class= cliques set for the associated graph.
K set of all subsets of the elements in the generating class A.
Ua(ia) parameters associated and depending only on the values of the

variables in subset a, a C A. wu,(i,) = constant, when
a = 0; u,(i,) = main effect, when |a| = 1; u,(i,) = interaction,
when |a| > 1.

gt e (L 55) r=1,2,...k(t); t=1,2,....,S. First order interaction. It can be
identified with the edge e! joining the variable I’ to the
variable m! with the value combination (i, j¢), where €. is
the r-th element in the colour class E;.

Na(ia) Na(ia) = D_;.;.—, n(j), marginal count for i,.

Ma(iq) Ma(ia) = 2 ;. .=, M(j), marginal expected frequency for i,.

Ma(iq) Ma(ia) = ;. .=, (j), marginal estimated expected frequency for i,.
In| Total observed count, >, n(i).

A saturated model, which is a log-linear model that includes all possible effects for
every variable, can be written as

logm(i) = 3 taia)

aCA

Example 1. Suppose we have three variables, X, Y, and Z, i.e. A ={X,Y,Z}, then
the saturated model is

logm(i, j, k) = u+ux(i) +uy(j) +uz(k) +uxy(ij) +uxz(ik) +uyz(jk) +uxyz(ijk),

where, 7, 7, and k are categories or levels for X, Y and Z, respectively.

According to zero assignations to some parameters, we can get different kinds of
models. Hierarchical log-linear models are those models in which if an interaction is
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included, then all interactions whose variables are subsets of that interaction are also
included. It can be defined a generating class A, which is a set of subsets used to de-
termine all the parameters included in a model. Then, a hierarchical log-linear model
takes the form

logm(i) = Z Uq(iq),

aCK

where K is the set of subsets of the elements in the generating class A.

Example 2. Suppose we have A = {X,Y, Z}, and a hierarchical model with generat-
ing class A= {{X,Y}, {Y, Z}}. The corresponding model is

logm(i, j, k) = u+ux(i) +uy(j) + uz(k) + uxy(ij) + uyz(jk),

where, 7, 7, and k are categories or levels for X, Y, and Z, respectively. The model is
obtained using the fact that the set of subsets of the elements in the generating class

K,is K= {{X, Y}, {Y, Z}, {X}, {Y}, {Z}, 0}.

Definition

A restricted graphical log-linear model with graph G = (V, E) is a hierarchical
log-linear model

logm(i) = Y _ ua(ia),
aCK
with generating class C, the cliques set in the associated graph, where K is the set
of all subsets of the elements in the generating class and where the set of variables V
and the set of first order interactions FE are partitioned as follows. V is partitioned
into (V4,..., Vp), with V; £ 0, i=1,....,T, T € {1,2, ..., |V}, such that the main effects of
the variables in V; are equal in all their levels, E is partitioned into (Fj, ..., Eg), with
E; #0,i=1,..,5, S € {1,2,...,|E|}, such that the interactions in every E; are equal.

We have some observations about this definition:

a) The graphs associated to the restricted models are similar to the independence or
interaction graphs defined in graphical log-linear models, in the sense that the underly-
ing graph associated to the restricted graphical model is the same to the independence
graph associated to the graphical log-linear model. This means that every variable is
represented with a circle or dot and that two variables are joined with edges if the first
order interaction that contains both variables is included in the model. There are as
many edges between two variables as different permutations among the categories of
both variables. On the other hand, in graphical models there is only one edge between
two variables included in a first order interaction. It can be noted that the first order
interactions are parameters that determine the graph and they are also some kind of



measure of the association between two variables in a model.

b) The clique concept is taken directly from graph theory and it is the same concept
used in graphical models. The cliques are the complete maximal subgraphs of a graph.
In restricted graphical log-linear models we must consider that there are multiple edges
between variables, so that if there is a clique between certain variables then it is not
important which edges are used to obtain it, the important thing is knowing that there
is a clique.

¢) When V; or E; are formed by a single element, we call them atomic classes, oth-
erwise they are composite classes as defined for the continuous case in Hgjsgaard and
Lauritzen, 2007a, p. 5. Atomic classes are those in which all the corresponding parame-
ters are not restricted. A restricted model with only atomic classes is a graphical model.

d) It is assumed that all variables have the same number of categories. This con-
dition could be relaxed assuming that only those variables in composite vertex classes
should have the same number of categories.

Restricted graphical models can be represented using colourings, understanding
colourings as the concept defined in graph theory (Bondy, 1976, ch. 6 and 8). This
means that we can represent the model using a graph in which some vertices and edges
have different colours and also according to a coloured graph we can determine the
restrictions in the parameters. We have three kinds of colourings: vertex, edges, and,
vertex and edges colourings.

In the following sections we give different types of restricted graphical log-linear
models and some examples.

4 Vertex colouring

Suppose we have a restricted graphical log-linear model restricting the main effects
only, i.e. we have the model

logm(i) = Y ug(ia)
aCK
with graph G = (V, E)), where V is partitioned into (V, ..., Vp), with V; # 0, i=1,....T,
T €{1,2,...,|V|}, in such a way that the main effects for the variables in every set V;
are equal in all their levels.

Two vertices, X and Y, are in the same vertex colour class if and only if ux (i) =
uy (1), for every i =1, ..., |Ix| = |Iy|, where

Uy, uy: main effects.
IIx| = |TIy|: total number of categories for the variables X and Y.



Suppose we have a partition of V into Vi, V5, ..., Vi vertex colour classes, in which
every variable has J levels, and where V; = {vi, ...,vz(i)}, i=1, .., T. We define

u,i (7): main effect for the variable v} in the category j, i=1,....,T; k=1,....k(3), j=1,

v

Ui () = u () = . = uy () =wi(j), j=1,...J; i=1,..,T,

”zic(i)

where u;(j) is the parameter that represents all the identical parameters.

Similarly, if we have a partition of the variables set in such a way that the main
effects of the variables in some class are equal in all their levels, then we can assign the
same colour to all the vertices in the class. This means that we can identify restrictions
in a restricted graphical log-linear model restricting the main effects only with a vertex
colouring.

Example 3. Suppose we have four variables, V= {X, Y, Z, W}, and suppose that
every variable has the same number of categories, |Ix| = |Iy| = |Iz] = [Iw]. A
graphical log-linear model restricted in its vertices is the model with generating class

A={{X, Y} {Y,Z}, {Y,W}}, i.e. the model
logm(i, j, k,1) = u+ux(i) +uy(j) + uz(k) +uw () + uxy (ij) + uy z(Gk) + uyw (1),

in which V has been partitioned into (V4,V3), with V; = {X,Y} and Vo = {Z, W}.

In the notation given, k(1) =2, vj = X, v =Y and k(2) =2, v} = Z, v = W.
This colouring is represented by the following equalities
Uyt (i) = ux (i) = uy (i) = w1 (1) = w1 (i), i =1,..., [Ix|;
w2 (i) = uz(i) = uw (i) = u,z(i) = ug(i) i = 1, ..., [I7].

Then, we have the parameters u; (i) instead of the parameters ux (i) and uy(7), and
the parameters uy(7) instead of the parameters uz(i) and wuy (), for all 7.

Assuming that all the variables are binaries, |Ix| = 2, the model has the associated
graph presented in figure 1.



(0,0)

Figure 1. Vertex colouring for the restricted graphical log-linear model with generating class {{X,Y},
{Y,Z}, {Y,W}}, logm(i,j, k1) = ut+ ux(i)+ uy(§)+ uz(k)+ uww()+ uxy(@f)+ uyz(Gk)+
uyw (51), 4,4, k, 1= 0,1; with vertices V. = (V1,Va), Vi ={X, Y} and Vo = {Z,W}.

5 Edge colouring

Suppose we have a restricted graphical log-linear model restricting only the first order
interactions, i.e.

logm(i) = Z Ua (i)

aCK
with G = (V, E') and where the first order interaction set E is partitioned into (Ey, ..., Eg),

E; #0,i=1,...,5, 5 € {1,2,...,|E|}, in such a way that the first order interactions in
every set F; are identical.

Two edges are in the same edge colour class if and only if uxy(i,7) = uzr(l,m),
where

X,)Y,Z, ReV.

\Ix|, |Iy|, Iz], |Ir|: total number of categories for the variables X, Y, Z, and R,
respectively.

1 € IX = {17...,|Ix‘}, j € Iy = {1,...,‘Iy|}, l e IZ = {1,...,Hz|}, and m € IR =
{1,...,|Ig|}.

uxy (i, 7), uzr(l,m): first order interactions.

Suppose we have a partition of the edges set E into F, Es, ..., Es edge colour classes,
with F; = {eﬁ, o ei(t)}, t=1,2,...,S, where:

t

e,: r-th element in the colour class E;.

W (iL5L), 7 =1,2,..,k(t); t=1,2,...,5 : first order interaction. It can be identified
with the edge el joining the variable I! to the variable m! joining the value combination
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(iy Jy)-

IL: r-th variable for the ¢ class in the first entry of the first order interaction wp,: (i%.j;).
mlL: r-th variable for the ¢ class in the second entry of the first order interaction
't

it: category for [L.

gt: category for mt.

Observe that partitioning the edges set or the first order interactions set is equiv-
alent. This is a consequence of the fact that the wp,, (iLj.) parameters are identified
with the corresponding edges.

Then, we have the restrictions

o\ o -t -t _
Wt (11J1) = - = g mé o (%(t)]k(t)) = UE,,

where up, is the parameter that represents all the identical parameters in the same
colour class.

Similarly, if we have a partition of the set of first order interactions in such a way
that all interactions in the same class are identical, then we can assign to every class a
different colour. This means that we can identify restrictions in a restricted graphical
model restricting the first order interactions only with an edge colouring.

Example 4. Suppose we have four binary variables, X, Y, Z, and W, and a restricted
graphical log-linear model restricting some of its edges. The generating class of this
model is {{X, Y}, (W, Y}, (W, Z}, {X, 2} i.c.,

logm(i, j, k, 1) = utuw (i) +ux (j) +uy (k) +uz(l) +uxy (Gk) +uwy (k) +uwz (il) +ux z(j1),

with 4, 7, k, [=0, 1. The first order interaction set, and consequently the edges set, F,
obtained by identifying each parameter with an edge, is

{ny(O()), ny<01), UXy(]_O), qu(l]_), Uwy(OO), uWy(Ol), uWy(]_O), Uwy(]_l)

Uwz(OO), Uwz(()l), UWz(lo), qu(ll), UXz(OO), UXz(Ol), sz(lo), sz(ll)}

The partition of the set of first order interactions, and as a consequence of the set of
edges, is a partition into four classes Ei, F, E3, Fy,



In this case, k(i) = 4, i=1,...,4. Although an edge is an element that can not be
equated to a parameter, for simplicity we will use the sign ~ to establish correspondence
between edges and parameters. Then, we have

el =~ uxy(00), eb ~ uxy(11), es = uwz(00), ef ~ uwz(11).
el ~ uxy(01), €5 =~ uxy(10), €3 ~ uwz(01), €] = uwz(10).
e} =~ uy (00), €5 ~ uwy(11), €3 =~ uxz(00), ef ~ uxz(11).
el ~ uwy (01), €5 =~ upy(10), e5 ~ uxz(01), €; =~ uxz(10).

=X, m =Y;i=12 j=1,2

V=W, ml=2;i=3,4,j=1,2

=W, ml=Y;i=1,2 j=34

V=X ml=2i=34, j=23/4

it =0,7t=0;r=1,3,t=1,3.
it =1,5l=1;r=24,t=1,3.
it =0,5t=1;r=1,3, t=2,4.
it =1,5=0; r=2,4, t =24

Given this colouring, we have the restrictions:

ny(OO) = ny(ll) = Uwz(OO) = UWz(ll),
ny(()l) == Xy(lO) == Uwz((]l) == qu(lo),
uwy 00) == Uwy(]_l) == sz(OO) == sz(]_l),

Uwy(()l) = Uwy(lo) = sz(()l) = sz(lo)

Under this model there are only four parameters ug,, ug,, ug,, and ug, instead of
the 16 parameters contained in Fy, Fs, E3, and Fj, respectively.

The corresponding graph is shown in figure 2.
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(1, 1)

(1,0)

(0, 1)
1,0 1,0

(1,1

(1,0)

(0,1)

(0,0)

Figure 2. Edge colouring for the restricted graphical log-linear model with generating class {{X,Y},
(WYY, (W, Z}, {X,Z}}, logm(i,j, k,0) = ut uw(@)+ ux()+ uy(k)+ uz()+ uxy(k)+
uwy (1k)+ uwz i)+ uxz(jl), with first order interactions set partitioned into E= (Fy, Es, E3, Ey),
E1= {uxy(00), uxy(11), uwz(00), uwz(11)}, Fa= {uxy(01), uxy(10), uwz(01), uwz(10)},
E3:{UWy(00), ’LLWy(].].), ’U,Xz(OO), ’LLXz(].l)}, E4:{uWy(01), uWy(IO), qu(Ol), qu(].O)}

6 Vertex and Edge colouring

In this case we simultaneously use the same definitions of colourings given above. Let
G = (V, E) be a restricted graphical log-linear model, with (Vi, V5, ..., V) a partition
of V.V, £0,i=1,...T, T € {1,2,...,|V|}, and (Fy, Es,...,Es) a partition of E, E; # (),
i=1,....,5, S € {1,2,...,|E|}. Suppose that every variable belonging to a non atomic
class has J levels. We have

Vi={vl, iy} € u () = ui(j) = ... = g () =), j=1,...Jyi=1,..T

t t 4t A -1 -t . _
Ey = {617 '”7€k(t)} A Upt et (lel) = ul%m%(,leQ) == ulz(t)mz(t)(lk(t)jk(t)) =up,;t=1,..

Then, given a colouring, we get a number of restrictions on the parameters and
vice versa. This means that we can identify restrictions in a restricted graphical model
with vertex and edge colourings. Vertex colouring could be seen as a particular case
of these models if we let every edge in an atomic class, i.e. T = |V|]. Similarly, edge
colouring could be seen as a particular case of these models if every edge conforms an
atomic class, i.e. S = |E|.

Example 5. Suppose we have three binary variables A, C', and M. A corresponds to
alcohol consumption, C' to cigarette consumption, and M corresponds to marijuana
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consumption. Every variable has two categories, Yes and No, represented with 0 and
1, respectively. The data are presented as a contingency table, table 1 (Agresti, 2002,
p. 322).

Alcohol | Cigarette | Marijuana
Yes No
v, Yes 911 538
s No 44 | 456
Yes 3 43
No No 2 | 279

Table 1. Consumption of alcohol, cigarette and marijuana by high school seniors.

We present a log-linear graphical model with these variables, and give an example
of a restricted graphical log-linear model.

Suppose we have the hierarchical log-linear model with generating class {{A, C},
{A, M} }. This is a graphical model because the cliques of the graph are the edges
{A,C} and {A, M}, which form the generating class (figure 3), and can be expressed
as follows,

logm(i, j, k) = v+ ua(i) +uc(j) + un (k) +vac(ij) + van(ik), 4,5,k =0,1. (1)

M

Figure 3. Graph associated to the graphical model with generating class {{A,C},{A, M}},
logm(i, j, k) = u+ ua(i)+ uc(j)+ un(k)+ vac(ig)+ van(ik).

Suppose we add to (1) the restrictions

We get the graph given in figure 4.
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M

(0,0) (1,1

(0,0)

(0,1
(0,1)
(1,0)

A c
1, 1)

Figure 4. Colourings for the restricted graphical log-linear model with generating class
{{A4,C} {A, M}}, logm(i,j, k) = ut+ ua(i)+ uc(f)+ un(k)+ wac(ij)+ wanm(ik), with vertices
V = (W), Vi = {A,M} and Vo = {C}, and first order interactions set partitioned into
E = (E1, E2,E3,Ey, E5, Eg), E1={uan(01), uapn(10)}, Ea={uac(01), uac(10)}, Ez={uapr(00)},
Ey={uan(11)}, E5={uac(00)}, Es={uac(11)}.

We observe that V = {A,C, M}, V = (W4, V3), with V; = {A, M} and V, = {C}.
On the other hand, the set of first order interactions or their corresponding edges set
is partitioned into F = (E, Es, E3, Ey, E5, Eg), where

E= {UAM(OO), UAM(01)7 UAM(lo), UAM(ll), uAc(OO), UAc(Ol), uAC(l()), uAc(11>} s

and where E; = {uapn(01),uap(10)}, By = {uac(01),uac(10)}, Es = {uan(00)},
E4 = {UAM(ll)}, E5 = {UAc(OO)}, E6 = {UAC(11>}

Observe that the underlying graph, i.e. the associated simple graph, is the one
given in figure 3. Using this graph or carefully using the graph given in figure 4 we see
that the generating class is identical to the corresponding cliques set. This, together
with the restrictions applied to the model, means that we have a restricted graphical
log-linear model.

The graphical log-linear model (1) expressed as a restricted graphical log-linear

model is shown in figure 5. It is important to notice that given the coloured graph, we
could get the associated restricted model.
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M

(1,0
(0,0) (1,1)

(0,0)
0, 1)

(0,1)

(1,0)

A c
1, 1)

Figure 5. Colourings for the graphical log-linear model with generating class {{A,C}, {A, M}},
logm(i, j, k) = u+ ua(i)+ uc(f)+ vunm(k)+ vac(ij)+ uanm(ik), seen as a restricted graphical log-
linear model. In this model V. = (V1,Vo,V3), Vi = {A}, Vo = {C}, and V5 = {M}. The
first order interactions set is partitioned into E = (E1, FEs, E3, Ey, E5, Eg, F7, Es), E1={uan(10)},
Ey={uanm(01)}, Es={uan(00)}, Ex={uan(11)}, Es={uac(10)}, Es={uac(01)}, Er={uac(00)},
Eg={uac(11)}.

7 Symmetry and quasi-symmetry models expressed
as restricted graphical log-linear models

Symmetry and quasi-symmetry models are defined to analyze square contingency ta-

bles, i.e. tables with the same number of row and column categories, |I|. Denote n(i, )

and m(i,j) as the observed counts and expected frequency, respectively, for the cell
(1,7); 1, j =1,2,...,|I|. We say that a square table satisfies symmetry if

m(i, j) = m(j,9), Vi # J.
This means the expected frequency in a cell (¢, 5) above the diagonal is similar to
the expected frequency in the cell (7,7) under the diagonal.

Supposing that the variables are X and Y, symmetry can be represented as the
log-linear model

logm(i, j) = u+ux (i) +uy(j) + uxy (i),

with the restrictions

UX(Z) = Uy(i), 7= 1, 2, ey |I| ;

ny(Z]) = ny(ji), Z,] = 1,2, ceey |I| .
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Quasi-symmetry is used to explain cases where there is no symmetry due to marginal
heterogeneity, which means that the main effects in the symmetry model differ. This
model can be written as

logm(i,j) = u+ux (i) + uy (3) + uxy(ij),

with the restrictions

qu(Zj) = qu(ji), Z,j = 1,2, ceey |I| .

Symmetry and quasi-symmetry models can be seen as edge colourings, and ver-
tex and edge colourings, respectively. Every vertex in the quasi-symmetry model
belongs to a different atomic class and we have |I| atomic edge color classes for
every uxy (i) interaction and (';l) different edge colour classes for the interactions
uxy(ij) = uxy(ji),i # j. In symmetry models we have the same edge colour classes,
but we have only one vertex colour class formed by both vertices.

As an example, suppose we have two binary variables C' and A. C' corresponds
to cigarette consumption, with categories: 0, which indicates less than two packets
of cigarettes, and 1, which indicates two or more packets of cigarettes. Variable A
corresponds to alcohol consumption with two categories: 0, which indicates less than
one drink, and 1, which indicates two or more drinks. The data are presented in a
contingency table (table 2).

Cigarette | Alcohol
0 1

0 540 | 53

1 28 | 386

Table 2. Square contingency table corresponding to alcohol and cigarette consumption for a sample of
1007 students.

Suppose that we have the saturated log-linear model,

logm(z,j) = U+UC(Z) +UA(]) +UC’A(ZJ)7 Z>] = 07 1.

As we have an interaction term, there is an edge between A and C. Additionally,
we suppose that we have the restricted graphical log-linear model shown in the graph
given in figure 6.
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Figure 6. Colourings for a quasi-symmetry model with two binary variables. V = {C, A} is partitioned
into V= (V1,Va), with Vi = {C} and Vo = {A}. The first order interactions set E is partitioned into
E1 = {ucA(OO)}, E2 = {ucA(ll)}, and E3 = {UCA(Ol),uCA(IO)}.

Using the previous graph G = (V| E), we observe that the set of first order in-
teractions £ = (FEy, Ey, E3), where By = {uca(00)}, Ey = {uca(11)}, and E5 =
{uca(01),uc4(10)}. The edges in E5 belong to the same colour class and this means
that the corresponding interactions are identical. The remaining edges belong to dif-
ferent atomic colour classes. As an additional observation, if we do not want to use
different colours for different atomic classes, we could agree to represent all atomic
classes with dot or with black lines.

V = {C, A} is partitioned in two classes (V1,V3), with V; = {C} and Vo, = {A}.
This means that the main effects are not restricted.

The model in figure 6 can be expressed as

logm(i, j) = u 4 uc(i) + ua(j) + ucaliy), i,j =0,1;

with the restrictions

UCA(Z]) = UCA(j’i>, l,j = 0, 1.

This is a quasi-symmetry model. This means that the quasi-symmetry model for
V={A,C} is the restricted graphical model generated by {A,C'} with vertex colour
classes V. = (1,V3), with V; = {C} and Vo, = {A}, and first order interaction
terms or their corresponding edges E = (Ey, Es, E5) partitioned into Ey = {uc4(00)},
Ey = {uca(11)}, and E3 = {uca(01),uca(10)}, whose associated graph is given in
figure 6.

On the other hand, suppose that we have the restricted graphical log-linear model

shown in the graph given in figure 7, which is also a restricted graphical log-linear
model.
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Figure 7. Colourings for a symmetry model with two binary variables. The first order interactions set
E is partitioned into F1 = {uca(00)}, Fs = {uca(11)}, and E3 = {uca(01),uca(10)}.

Using the previous graph, G = (V| E), we observe that we have the same edge or
first order interactions partition as before, £ = (Fy, Fy, E3), where E; = {uc4(00)},

E2 = {UCA(ll)}, and E3 = {U,CA(Ol),UCA(lO)}

The vertex set, V = {C, A}, is partitioned in a single element, V. This means that
the main effects are the same for all the categories.

The model in figure 7 can be expressed as

logm(i, j) = u+uc(i) + va(j) +ucalij), 4,5 =0,1;

with restrictions

UCA<Z]> - uC’A(ji)a 27] = 07 17
uali) = ucli), i = 0,1

which corresponds to a symmetry model. This means that the symmetry model for
V={A,C} is the restricted graphical model generated by {A,C} with vertex colour
class V and and first order interaction set or their corresponding edge set E = (E,, Es, F3)
partitioned into Fy = {uca(00)}, Ey = {uca(11)}, and E3 = {uca(01),uca(10)},
whose associated graph is given in figure 7.

8 Likelihood equations

Data for contingency tables are collected under different sampling schemes. Cell counts
could follow a Poisson, multinomial, or a restricted multinomial distribution with fixed
marginals. Under the Poisson sampling scheme the cell counts are realizations of in-
dependent and Poisson distributed random variables {N(i)};c;. Thus E(N(i)) = m(i)
and the joint distribution of the counts becomes

m(i)"®
P(N(iy=n(i),icl) =] 75(2.)! exp(—m(i)),

i€l

with m(i) > 0.
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If the total observed count |n| is fixed, but the counts in each cell are random, and
each of these is supposed independently to belong to a given cell ¢ with probability
p(i), i € I, with p(é) > 0 and ) ., p(i) = 1, then the counts follow a multinomial
distribution

PIN(i) = n(i),i € T) = =" 'Hp

ieI i€l

where m(i) = |n| p(7).

Finally, in the case where marginal counts n(i,) are fixed for each slice i, b C A,
we assume the counts in the slices to be independent and multinomially distributed
with cell probabilities for cells i,, obtained using the variables a no contained in b,
given a slice 7, equal to p(i,|iy), With p(is|is) > 0 and Y, p(ialip) = 1. Thus the joint
distribution of the table becomes

P(N(z'):n(i),ieI):H{HI s I ptiatio) }

ip €Iy 1q€1g

where m(i) = n(ip)p(iaip).

In any of the three sampling schemes, the logarithm of the kernel of the likelihood
equation is

Z ) log m(7) Zm (2)

i€l i€l

where n(i) and m(i) are the observed count and the expected frequency for a cell i,
respectively, ¢ € 1.

If we consider a log-linear model for m(i) in equation (2), we obtain an equation
that depends on the parameters. For example, using a hierarchical log-linear model,
equation (2) becomes

Z Z na(ia)ua(ia) - Z eXp(Z Ua(%))-

Before proceeding to obtain the likelihood equations in sections 8.1, 8.2, and 8.3
we define the following notation:

Let {U;i}k:l,...,k(i),i:L...,T be a vertex or variables set, each variable with J categories,
partitioned into (V4, Vs, ..., Vr), in such a way that V; = {v{, ...,v,i(i)}, i=1,..., T. The
marginal total for the k-th variable in the colour class ¢ for the category [ is defined as
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Example 6. Suppose we have the data given in table 2, and that A and C' are in the
same colour class Vi, i.e. Vi={v], v}, with v}=C" and vj=A, then

n(vl =0) =n(C =0) = Z n(j) = n(0,0) +n(0,1) = n(0,.) = 593
Z n(j) = n(1,0) +n(1,1) = n(1,.) = 414
n(vi=0)=n(A=0) = Z n(j) = n(0,0) +n(1,0) = n(.,0) = 568

nvg=1)=n(A=1) = Z n(7) =n(0,1) +n(1,1) =n(.,1) = 439

Jjiga=1

=
S
I
=
I
=
Q
I
=
I

The dot in these expressions, for example n(1,.), indicates that we are summing
the cells over all possible values of the entry where the dot is. The process is similar
for the expected frequencies, simply changing the n(,) by m(, ).

Let {e} }r=1, k#)t=1,..s be an edge set, with e} identified with the parameter
Uyt e (i1, Ji ), partitioned into Ei, By, ...Es colour classes, with F;, = {e’i,...,ez(t)},

t=1,..., S. The marginal total for the k-th variable pair, with their corresponding
levels, in the colour class t is defined as

n(ll = it,ml = jt) = > (), k=1 k(t); t=1,...8

. (it st
S'(Sl}gvsmz)*(’kﬂk)

Example 7. Using the data given in table 2, suppose that the first order inter-
action set or their corresponding associated edge set F, is partitioned into E; =
{uca(00),uca(11)} and Ey = {uca(01),uc4(10)}, which means that k(1) = k(2) = 2;
L=Ckt=12mlL=A k,t=12;¢ =0, t=1,2, k=1, =1, t=1,2, k = 2;
Jh=0,t=k=1,2; ji =1, k #t, then

n(l} =i, m; = j;) = n(0,0) = 540
n(ly =iy, my = jy) =n(1,1) = 386.
n(lZ =i?,m? = j2) =n(0,1) = 53.
n(l3 = i3, m3 = j3) = n(1,0) = 28

Using equation(2), including the model with the different kinds of restrictions ac-
cording to the colourings, and using the notation given above, we obtain the corre-
sponding likelihood equations.
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8.1 Vertex colouring

In this case, the logarithm of the kernel of the likelihood function, equation (2), in-
cluding the restrictions takes the form

k()

ZZZ” Uk;—luz Z Zna G0)Uq(iq) Zexp Zua i.)), (3)

i=1 I=1 k=1 aCK,|a|#1 ia iel aCK

where K is the set of subsets of the elements in the generating class A, formed by all
the cliques of the corresponding associated graph.

Deriving (3) with respect to each parameter, including the u;(l) parameters corre-
sponding to V;, i=1,2,....T for a category [, [=1,2,....J, and equating to zero, we obtain
the following likelihood equations

k(i)

k(i)
Zn(vﬁ =1)= Zm(v; =1),i=1,..,T
j=1

j=1

RQ) k(i) |
Zn(v; =2)= Zm(v; =2),i=1,..,T
j=1 j=1

Na(ia) = my(ia), Ya C K, la| # 1,

To reduce the number of equations, we could eliminate redundant equations. To
do this, we substitute the last part in the previous equation system (4) with

Na(ia) = ma(ia), Va € A, |a| # 1

8.2 FEdge colouring

In this case, the logarithm of the kernel of the likelihood function, equation (2), in-
cluding the restrictions takes the form

k(t)

S
Z nlt—zk,mk—jk Jug, + Z Zna i) Uq(ia) Zexp Zua ia))

t=1 k=1 aCK,|a|#2 ta i€l aCK

Deriving (5) with respect to each parameter and equating to zero, we get the fol-
lowing equation system
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k() k(1)
> n(ly = ifmy = ji) =>_ m(l =i, my =ji), t=1,2,....,5, (6)

k=1 —
Na(ia) = my(ia),Va C K, |a| # 2.

Similarly to the vertex colouring, we can eliminate some redundant equations. To
accomplish this, we have to eliminate the last part of the equation system, and instead
we have to use the equations for the main effects, and the equations corresponding to
the generating class, i.e., we substitute the last part in the equation system (6) with

Na(ia) = ma(ia), Ya € A, |a| # 2,
Na(ia) = ma(ia), |a] = 1.

8.3 Vertex and edge colouring

In this case, the logarithm of the kernel of the likelihood function, equation (2), in-
cluding both types of parameter restrictions takes the form

k(4) k(t)

T J S
ZZZ”(% +ZZ” lp = i, my, = jp)up,+

=1 [=1 k=1 t=1 k=1
E E na Za ua Za E eXp E Uq Za)) <7)
aCK,|a|#1,2 ‘a iel aCK

Deriving this equation with respect to each parameter and equating to zero we
obtain the equation systems (4) and (6) simultaneously. The equation system is

n(v, =1) = Zm(v; =1),i=1,..,T
=1

k(3)

7j=1 7j=1
k(1) k(1)
> n(ly =i my = ji) =>_ m(l =i, my=ji), t=1,2,..,8
k=1 k=1

Na(la) = My(ia), YVa C K, |a| #1,2.

As before, the last set of equations in the equation system could be replaced by
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Na(ia) = Ma(ia), Ya € A, |a] £ 1,2.

To exemplify the likelihood equations, consider the symmetry and quasi-symmetry
models given in section 7. As we saw before, there are three edge colour classes or
partitions of the first order interactions set in both models: E; = {uca(00)}, Ey=
{uca(01), uca(10)}, and E5 = {uca(11)}. There is an equation associated to each
class. These are given by

El n( ) =mVY, )
Es: n(0,1) +n(1,0) =m(0,1) +m(1,0),
E3 'I’L( ) =mdi, )
which can be rewritten as
m(i, j) +m(j, 1) = n(i,j) +n(j,i), Vi < j,i=75=0,1 (8)

In the quasi-symmetry model, we also have two vertex colour classes, V; = {C} =

{vi} and Vo = {A} = {v?}. Then we have

n(v; = 0) =n(0,.),
net = 1) = n(1,.),
n(vi = 0) = n(.,0),
n(v? =1) =n(,1).

The equations corresponding to class V; are

n(1,.) =m(1,.),

n(0,.) = m(0,.);
and to V5

n(.,, 1) =m(.,1),

n(.,0) =m(.,0)

These equations can be rewritten as

(i) = i, ), i = 0,1; (., ) = n( ), 5 =0,1. 9)
Equations systems (8) and (9) have to be solved simultaneously.

In the symmetry model, both variables are in the same colour class, V = {C, A}.
The likelihood equations corresponding to this class are

n(0,.) + n(.,0) =m(0,.) + m(.,0),
n(l,.) +n(.,1) =m(1,.) +m(,1). (10)

Then, we have to solve (8) and (10) simultaneously; however, we notice that equa-
tions in (8), imply equations in (10), so that it is only necessary to solve (8).
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9 Restricted graphical log-linear models expressed
as GLM

All restricted models can be represented as a generalized linear model (GLM) with
design matrix X, usually X is a non invertible matrix, but sometimes it is possible
to get an adequate parametrization of the model whose associated design matrix is
invertible. However, the design matrix X can always be used to obtain the degrees of
freedom associated to the asymptotic distribution of the deviance, the statistic used to
determine the good or bad adjustment of a model.

A log-linear model written as a generalized linear model (GLM) has the form (see
e.g. Agresti, 2002, p. 116)

log(m) = X, (11)

N(i) random variable corresponding to the observed cell counts for every
cell i. N(i) ~ Poisson(m(1))

m expectation of N, the random vector with entries N (7).
X3 systematic component.
X design matrix. Every row corresponds to a cell and it has as many

columns as parameters included in the model.
B parameter vector (0, ..., 5,)-
log() link function connecting the random and systematic components.

9.1 Vertex colouring

In order to get the design matrix including the vertex or edge colouring, we need the
following notation.

6] B=(b1, ..., By), vector of parameters, it includes all parameters
got due to vertex colouring.
X design matrix for the restricted graphical log-linear model.

X" matrix in which for every row corresponding to the parameter u;(5),
it takes value one when the variable v} takes the value j and
zero otherwise; [ = 1,2, ....k(i); i =1,...,T, and j a fixed level,
j = 1,2,...,J. The matrix has as many rows as cells in the contingency
table and it has p columns. XU ) indicates the variable
v} effect over the w;(j) parameter for a specific colouring i and
a category j.

Let
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k(i)
x Vi) — Z ){Uf(j)7

=1

fori=1,2,..T, j=12,..J. X" is a matrix that indicates the effect of the colour-
ing V; for a category j.

We denote

2V column vector in X"V) associated to the w;(j) term, i =1,2,..T,
ji=12,...J.

Then, we have

T
I
i=1 j
the matrix for the main effects considering the vertex colouring.

Additionally, taking into account

X" matrix including the values corresponding to the constant term,
the interactions, and assigning zero to the remaining terms, these
remaining terms are the vertex colouring parameters.

We observe that

T T k(7)
X — xwint + Z ZXVZ(]) — X wint. + Z Z Z X'Ull(])
i=1 j i=1 =1

J
Example 8. Suppose we have the vertex set V= {X, Y, Z, W}, where all variables
are binary, and generating class {{X}, {Z}, {Y,W}}; i.e. we have the model

logm(i, 7, k,1) = u+ uw (i) + ux(j) + uy (k) + uz(l) + uwy (ik), i, 4, k,1 =0, 1.

Suppose V is partitioned into V1= {X, Y} and Vo= {Z, W}, so that v] = X, vl =Y,
vi=Z7,and v = W, figure 8.
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(0,0)

(0. 1)
(1,0)

1, 1)

[
v X
Figure 8. Vertex colouring for the restricted graphical log-linear model with generating class {{X}, {Z},

{Y> W}}’ 1Og m(ivja k? l) = u+ UW(Z)+ UX(j)+ UY(k)"' U'Z(l)"' uWY(ik)7 1,7, k,l =0,1,V= (Vh V2)7
with Vi={X,Y} and Vo= {Z, W}.

Denoting (w, z,y, z) as a cell, where w, z, y, and z are levels for W, X, Y, and Z,
respectively, the cells can be ordered in the following way.

((0,0,0,0),(0,0,0,1),(0,0,1,0),(0,0,1,1),(0,1,0,0), (0,1,0,1), (0,1,1,0), (0,1,1, 1),

(1,0,0,0),(1,0,0,1),(1,0,1,0),(1,0,1,1), (1,1,0,0), (1,1,0,1), (1,1,1,0),(1,1,1,1))

The parameters vector is:
B = (u,u1(0),u1(1),uz(0), uz(1), uwy (00), uwy (01), uwy (10), upwy (11)).
Then, we obtain the following matrices for the colour class V;:

u1(0

=
<
=
—
—
N

u2(0

=

uz(l) uwy(oo) uwy(ol) uwy(lo) uwy(ll) 1
0000

0001

0010

0011

0100

0101

) 0110
xu1® = o111
1000

1001

1010

1011

1100

1101

1110

1111

T 1
[eNeNoNoNoNeNoloNoNoNolNoNoNoNololis

OO FEFFEFOOOOHKFFEKH
[=NeleololoNeloNoNeloNololoRoNeoN o)

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

[eNeleloloNeloNoBeoloNolaoloRolal e

The first column corresponds to u, the second one to u;(0), etc., using the same
order given in 3. The first row corresponds to (0,0, 0,0), the second one to (0, 0,0, 1),
etc., using the order given for the cells vector. On the other hand
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Then

0O 0 0 0 0 0 017
0O 0 0 0 0 0 O
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0) _

xVi(0) — xvi(0)
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The same is done for V5
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Finally

10 0 0 0 1 0 0 07
1 0000100 0
100000 1 0 0
1 0000010 0
1 0000 1 0 0 0
1 000010 0 0
1 0000010 0

sqwint _ | 1 0 0 0 0 0 1 0 0
1 00000010
1000000 1 0
1 00000000 1
1000000 O0 1
1 00 00O0O0T10
1 00000010
1 00 00O0TO0TO0 1
L1 00 0000 0 1]
Then, X, the matrix including the colouring is
rT12 0 2 0 1 0 0 07
1201 1 100 0
1 1 1 200 10 0
1111 10 1 0 0
1 1 1 2 010 0 0
1 1 1 1 1 10 0 0
. 1 02 200 10 0
it vigy |10 2 1 1 0 1 0 0
X=X +ZZX =11 2011001 0
=ti=o 1 2 00 2 00 10
1111100 0 1
1 1 1.0 2 00 0 1
1111 100 1 0
1 1 1.0 200 1 0
102 1100 0 1
L1 02 0 2 00 0 1]

The logarithm of the kernel of the likelihood function, equation (2), for a model

expressed as a GLM under the vertex colouring is

log(kernel(L(m))) = Z n(z) Z Z 2V Wy (k) + Z n(7) Z aer

i€l iel
_ Z exp(z Z .’L'z/l(k)U,l(k) + Z xijﬁj)a
i€l =1 k 7

where z;; are entries of X"

Based on equation (12), we obtain the corresponding likelihood equations
> (e = "mi)e ™ 1=12, Tk =1, J
i€l i€l
(Xu,int.)/n — (X“’mt')’m.
The previous equation systems, (13) and (14), can be expressed as
X'n=X'm.
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9.2 FEdge colouring

Similar to the case of vertex colouring, we have to add some notation.

B B=(, ..., Bp), vector of parameters. This includes all parameters
got due to edge colouring.
X design matrix for the restricted graphical log-linear model.

X gt (redr) e 1,2,...,k(t), t =1,2,...5. Matrix in which for every row
of the column corresponding to ug,, an entry takes value one
when the w e (i, j%) interaction is present and zero otherwise.
The presence of an interaction term s, (zf,, jf,) means
that [% takes the value i% and m! takes the value j!.

It can be obtained

XF = ng X“lim?(ii’ﬁ), t=1,2,...,5, the matrix corresponding to the up, pa-
rameters.

Additionally, we denote

xh column vector of X% containing the coefficients associated to the
U, parameter.

matrix including the coefficients corresponding to the constant,
main effects, and two or more order interactions. Additionally,
this matrix includes zeros in the columns main associated to the

edge colouring parameters.

Xu,main ef.int.

Using this notation, we have that

S S k()
X — Xu,main ef.,int. + ZXEt _ Xu,main ef.,int. + Z Z.Xulf“m?(ii’jﬁ)‘

t=1 t=1 r=1

Example 9. Suppose we have the vertex set V= {X, Y, Z, W}, where all variables
are binaries, and the same model given in example 4.

Denoting (w, x,y, z) as a cell, where w, x, y, and z are levels for W, X Y and Z,
respectively, the cells can be ordered in the following way.

((0,0,0,0),(0,0,0,1),(0,0,1,0),(0,0,1,1),(0,1,0,0), (0,1,0,1), (0,1,1,0), (0,1,1, 1),

(1,0,0,0),(1,0,0,1),(1,0,1,0),(1,0,1,1),(1,1,0,0), (1,1,0,1),(1,1,1,0),(1,1,1,1))

The parameters vector is:

B = (u, uw (0), uw (1), ux(0), ux (1), uy (0), uy (1), uz(0),uz (1), ug,, up,, Up,, Ug, )
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For FE;, we obtain the matrices shown below. The first column corresponds to u,
the second one to uy/(0), etc., using the same order given for 3. Additionally, the first

row corresponds to cell (0,0,0,0), the second one to (0,0,0,1), etc., using the same

order given for the cells vector.

UE4
0

UEg
0

’lLE2
0

uEl
1

ux (1) uy(0) wuy(l) wuz(0) wuz(l)

ux (0)

uw (0)  uw (1)

u
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

ro o 0o 0 0 0 0 00 0 0 0 017

0 0 0 0 0 0 0O 0 0 0 0 o0 O
0 0 0 0 0 0 0 0 0 0 0 0O
0 o0 o0 0 0 0 0 0 0 0 0 o0 O
0 0 00 0 0 0 0 0 0 0 0O
0o 0 o0 0 0 0 0 0O 0 0 0 o0 O

0 0 O
0 0 O

1
1

0 0 0 0 0 0 0 0 0 0 0 o0 o0
0 0 0 0 0 0 0 0 0 0 0 0O
0 0 o0 0 0 0 0 0 0 0 0 o0 O
0 0 0 0 0 0 0 0 0 0 0 0O
0o o0 o0 o0 0 0 0 o0 0 0 0 o0 O
0 0 0 0 0 0 0 0 0 0 0 0O

0 0 0 0 0 0 0 0 O
0 0 0 0 0 0 0O 0 O
0 0 0 0 0 0 0 0 O
0 0 0 0 0 0 0 0 O

0 0 O
0 0 O
0 0 017
0o o0 o0 0 0 0 0 0 0 0 0 o0 O
0 0 O
0 0 O
0 0 O

1
1
1
1

0o o0 o0 0 0 0 0 0 0 0 0 o0 O
1

0 0 00 0 0 0 0 0 0 0 0O
1
0 0 0 0 0O0OOOO 0 0 0 00O
0o o0 o0 0 0 0 0 0 0 0 0 o0 O
0 0 0 0 0 0 0O 0O 0 0 0 0O
0o o0 o0 0 0 0 0 0 0 0 0 o0 O
0 0 0 0 0 0 0 0 0 0 0 o0 O
0 0 0 0 0 0 0 0 0 0 0 0O
0 0 o0 0 0 0 0 o0 0 0 0 o0 O
0 0 0 0 0 0 0 0 0 0 0 0O
0o o0 o0 0 0 0 0 0 0 0 0 o0 O

ro 0 0 0 0 0 0 0 O
0 0 00O O 0O 0 O
0 0 0 0 0 0 0 0 O
0 0 0 0 0 0 0o 0 O

0000
0001

0010

0011

0100
0101

0110
0111

-1 -1
xUtml (i1,91)

1000
1001

1010
1011

1100
1101

1110
1111

11
u%mé(lsﬂg)

X

211
X“l%m%(zzv]g)
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ro o o 0 0 0 0 0 00O 0 0 017

0 0 0 0 0 0 0 0O 0 0 0 o0 O
o o0 o0 o0 0 0 0 0 0 0 0 o0 O
0 0 0 0 0 0 0O 0 0 0 0 o0 O
o o0 o0 0 0 0 0O 0 0 0 0 o0 O
0 o0 o0 0 0 0 0O 0 0 0 0 o0 O
0 0 0 0 0 0 0 0O 0 0 0 o0 O
0o o0 o0 0 0 0 0 0 0 0 0 o0 O
0 0 0 0 0 0 0 0 0 0 0 o0 O

0O 0 0 0 0 0 0 0 O

0 0 O

1

0 0 0 0 0 0 0O 0O 0 0 0 o0 O

0o 0 0 0 0 0 0 0 O

0 0 O

1

0 0 o0 0 0 0 0O 0 0 0 0 o0 O

o 0 0 0 0 0O 0 0 O

0

0

0o o0 o0 0 0 0 0 0 0 0 0 o0 O

0 0 0 0 0 0 0 0 O

0 0 O

1

-1 -1
ulzllm}; (14’34)

0 0 07
0 0 O
0 0 O
0 0

0 0 O
0 0 O
0 0 O
0 0 O

2
1
1
1
1
2

o o0 0 0 0 0 0 0 O 0 0o o0 O

ro o o 0 0 0 0O O O

0O 0 0 0 0 0 0 0 O

0O 0 0 0 0 0 0 0 O

0O 0 0 0 0 0 0 0 O

o o0 0 0 0 0 0 0 O 0 0o 0 O
0O 0 0 0 0 0 0 0 0 2

0O 0 0 0 0 0 0 0 O

0O 0 0 0 0 0 0 0 O

0O 0 0 0 0 0 0 0 O

o o0 0 0 0 0 0 0 O 0 0 o0 O

o 0 0 0o 0O 0 0o 0 O

0

0

o 0o 0 0 0 0 0O 0 O 0 0o 0O

0O 0 0 0 0 0 0 0 O
0O 0 0 0 0 0 0 0 O

0 0 O
0 0 O
0 0 O

1
1

0O 0 0 0 0 0 0 0 0 2

1050

r

4
XEl — Z Xul};m,
r=1

Then

The same is done for F5, E3, and E,

ro o o 0 0 0 0 O O O 0 0 017

0 0
0

1

0 0 000 0 0 0 0O
0O 0 000 0 0 0 0O

0 0 00 0 0 0 0 0 0 2 0 O0

0O 0 000 0 0 0 0O

0

1

0 0 000 0 0 0 0 O0 2 0 O0

0 0 00O 0 0O 0O OO O O0 O

0 0 0 00 0 0 0 0O
0 0 000 0 0 0 0O

0
0

0
0

0 0 00O 0 0 0 0 0O O0 0 o0 o0
0 0 00 0 0 0 0 0 O0 2 0 O0

0O 0 000 0 0 0 0O

1
1

0

1

0 0 000 0 0 0 0 O0 2 00

0O 0 00O 0 0 0 0O
0o 0 0o 00 0 0 0 0O

0
0

1
1

0 0 000 0 0 O OO0 O0 0O

X2
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0

2
1
1

0 0 00 0 0 0 0 0 0 O0 o0 o0

ro o o o0 0 0 0 0 O O O

0 0 000 0 0 0 0 0O
0 0 0o 00 00O 0 0 0 O

1

0 0 0 00 0 0 0 O0 0 O
0 0 000 0 OO 0 0 O

0 0 00 0 0 0 0 0O O0 O0 o0 o0
0 0 000 0 0 0 0 0 O
0 0 0O 0O0O 0 0 0 0 0O

0 0 000 0 00O 0O O0 0 0O

2
1

0 0 000 0 0 0 0 0 O
0 0 0 00 0 0 0 0 0 O
0 0 00 0 0 0 0 0 0 O0 o0 o0
0 0 0O 00O 0 0 0 0 0O
0 0 000 0 00O 0 0O
0 0 000 0 0 0 0 0O

0

2

XxFEs

ro o o o o0 0O 0O O O O 0 0 07

1
1
2
1

0 0 000 0 0 0 0 0 0 O
0 0 000 0 0 0 0 0 0O

0 0 0o 00 0 0 0 0 0 0 O
0 0o 000 0 0 0 0 0 0 O

0 0 0 00 00 0O 0 O0 0 0O

2
1
1
2

0 0 000 0 0 0O 0 O0 0 O
0 0 0 0 0 0 0 0 0 0 0 O
0 0 000 0 0 0 0 0 0 O
0 0 000 0 0 0 0 0 0O

0 0 000 0 OO 0O O0 0 0O
0 0 000 0 0 0 0 0 0 O
0 0 0o 00 0 0 0 0 O0 0 O
0 0 000 0 0 0 0 0 0 O
0 0 0 0 0 0 0 0 0 0 0 O

1
2
1
1

0 0o 00 0 0 0O 0O O0O O0 O0 0O

X FPa

On the other hand,

0 0 0 0 07
1

0

0 0 0 O

0 0

0 0 0 0 O
1

1 1
0
1

0 0

0 0 0 O

0 O

0 0 0 0 O
1

0

0 0 0 O

0 0 0 0 O

1

0 0 0 O
0 0 0 0 O
1

1
0

0O 0 0 O

0 0
1

1
0

0 0 0 0 O
1

1
0
1

0 0

0 0 0 O

0 0

0 0 0 0 O

1

0 0 0 O

0o 0 0 0 O

1

0 0 0 O

Xu,main ef.,int.

Then, the matrix X, including the edge colouring is
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rt 1 01 0 1 0 1 0 2 0 2 07
1 1010 1 00 1 1 1 1 1
1 10100 1 1 0 1 1 1 1
1 1010010 10 2 0 2
1100 1 1 0 1 0 1 1 1 1
1 1 001 1 0010 2 20
. 1 1 001 0110 2 0 0 2
w,main ef.,int. E _ 1 1 0 0 1 o 1 O 1 1 1 1 1
X=X ! +2Xl* 10 1 1.0 1 0 1 0 1 1 1 1
=1 101 101 00 1 2 00 2
1 01 1 001100 2 20
1 0 1 100 1 0 1 1 1 1 1
1 0101 10100 2 0 2
10 1 0 1 1 0 0 1 1 1 1 1
1 0 1 0 1 0 1 1 0 1 1 1 1
L1 0 1 0 1 0 1 0 1 2 0 2 O

The logarithm of the kernel of the likelihood function considering the edge colouring
is

s
log(kernel(L(m))) = Z n(i) Z w4 Z n(i) Z i3

i€l i€l
S
—ZGXP(Z CE?UEL + Z%’jﬁj)a (15)
i€l =1 J

where x;; are entries of Xwmain ef-int.

The likelihood equations obtained from (15) are

i€l i€l
(Xu,main ef.,int.)/n — (Xu,main 6f.,7jnt.>/m. (17)

These equations, (16) and (17), can be expressed as

X'n=X'm.

9.3 Vertex and Edge colouring

We use the same notation used for vertex and edge of colourings. However, we have to
consider that 3 contains parameters for both kinds of colourings, and the design matrix
X corresponds to a model whose vertices and edges are simultaneously coloured. We
add the following notation.

X w22 matrix including the coefficients corresponding to the constant,

and the two or more order interactions. The matrix includes zeros
in the remaining columns.
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We have that

X — Xu,int.ZQ + iXEl + iZXVZ(])
=1 =1

Example 10. Suppose we have the same model given in example 9, but additionally

V' is partitioned into (V3, V) with V; = {X, Y} and V, = {Z, W }.

The cells are ordered in the following way:

((0,0,0,0),(0,0,0,1),(0,0,1,0),(0,0,1,1),(0,1,0,0), (0,1,0,1), (0,1,1,0), (0,1,1, 1),
(1,0,0,0),(1,0,0,1),(1,0,1,0),(1,0,1,1),(1,1,0,0), (1,1,0,1),(1,1,1,0), (1, 1,1, 1))/
The parameters vector is
ﬁ/ = (u’ul(o)’u1(1>7u2(o)’u2(1)7uE1>uE2>uE3auE4)'

We obtain Z?:l 2]1':0 X" in the same way done in example 8.

u wi(0) wi(l) w2(0) w2(l) wg, up, UE, UE,
0000 0 2 0 2 0 0 0 0 0
0001 0 2 0 1 1 0 0 0 0
0010 0 1 1 2 0 0 0 0 0
0011 0 1 1 1 1 0 0 0 0
0100 0 1 1 2 0 0 0 0 0
0101 0 1 1 1 1 0 0 0 0
2 1 0110 0 0 2 2 0 0 0 0 0
MM xVih= o | o 0 2 1 1 0 0 0 0
i=1;j=0 1000 0 2 0 1 1 0 0 0 0
1001 0 2 0 0 2 0 0 0 0
1010 0 1 1 1 1 0 0 0 0
1011 0 1 1 0 2 0 0 0 0
1100 0 1 1 1 1 0 0 0 0
1101 0 1 1 0 2 0 0 0 0
1110 0 0 2 1 1 0 0 0 0
1111 [ O 0 2 0 2 0 0 0 (VI

The matrices X', X2 X% and X% are the same given in example 9, only
. int.> . .
deleting some zero columns. X “"22 takes ones in the column corresponding to u and
zeros in the remaining columns. Then, X is

12 0 2 0 2 0 2 07
1 20 1 1 1 1 1 1

1112 0 1 1 1 1

111 110 2 0 2

1112 0 1 1 1 1

1111102 20

. . 102 2 02 0 0 2

w,int.>2 E Vi) _ 1 0 2 1 1 1 1 1 1
X=X +ZXZ+ZZX D=1, 01 1 1 1 1 1
=t =15=0 1 2 00 2 2 0 0 2
111110 2 2 0

1110 2 1 1 1 1

1111100 0 2

11102 1 1 1 1

102 1 1 1 1 1 1

L1 0 2 0 2 2 2 2 0|
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The resulting likelihood equations in vertex and edge colouring models are

S ()2 =3 " m()el ™ 1=1,2, Tk =1,2,...,J; (18)
i€l i€l
D n(aft =Y m@)z, 1=1,2,..5; (19)
i€l i€l
(Xu,thZ)ln — (Xu,int22)/m. (20)

These equations systems, (18), (19), and (20), can be expressed as

X'n=X'm.

In section 10 we give an example of this way of writing the likelihood equations for
the symmetry and quasi-symmetry models.

10 Reparametrized models

The matrices X obtained in section 9 do not have full rank. It would be interest-
ing to get reparametrized models, whose design matrices Y are full rank matrices,
for all the restricted models because it would allow to apply some methods based on
linear algebra and numerical analysis, like Newton Raphson method, to solve the cor-
responding likelihood equations. However, this is not always possible for all models.
We can always get reparametrized models for vertex colouring; but, we can only get
reparametrized models for some particular edge colouring models. As a consequence,
we can get reparametrized models for only some vertex and edge colouring models.

If we have a vertex colouring, then we use the same procedure used for non-
reparametrized models, but we have to define Y, [=12...., k(i), i=1, 2,..., T, for
a category j = 1,...,J, using some reparametrization; ¢.e., we have to assign to the
column corresponding to u;(j) in Y ) the column associated to the corresponding
reparametrized parameter Ui (7), instead of using ones and zeros as before. Similarly,

the Y matrix depends on the reparametrization. The reparametrizations available
are any of the commonly used, for example, effect coding, which is an ANOVA type
reparametrization, or those using dummy variables. The reason behind this procedure
is that it can be shown that equating the reparametrized parameters is the same that
equating the original parameters.

As a consequence, it can be seen that the resulting matrix Y associated to a
reparametrized restricted model is obtained by summing the reparametrized main ef-
fects of the variables in the same vertex colour class for every category obtained using
the reparametrization.

If we have an edge colouring, then the procedure given above can not be applied in

general. This is because the restrictions given to the reparametrized first order interac-
tion parameters do not always coincide with the equivalent restrictions in the original
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parameters. In fact, we have less reparametrized parameters than original parameters,
which means that there could be restrictions in the original parameters that can not
be seen in the reparametrized parameters. However, there are some particular cases
where we can obtain reparametrized models, for example, quasi-symmetry models.

Another example of an edge colouring model where we can get a reparametrized
model is a model with restrictions

Axy (iJ) = Azr(ij),
for any ¢ and j, where non reparametrized parameters are represented by A. Every
restriction forms a different colour class. Additionally, if we had different parameters,

Ars, then we would have the same kind of restrictions or we would have Ags(ij) pa-
rameters free to take any value.

In this kind of colouring it is also possible to equate the reparametrized parameters
to get the restrictions given for the original parameters. As in the vertex colouring, we
can get the design matrix by summing the columns corresponding to the reparametri-
zed parameters in the same class. This means that we obtain y vl (indr) substituting
the column corresponding to the reparametrized parameter w,,: (2%, j%) in the column
corresponding to upg,, and then we proceed the same as when we did not use any
reparametrization.

For models with edge and vertex colouring, it is not always possible to have a
reparametrized model. However, for particular cases like the symmetry models, repa-
rametrized models can be obtained. Another example is a model with restrictions of
the form Axy (ij) = Azgr(ij) adding whichever colouring to the vertices.

Example 11. Easy examples to show reparametrized and non-reparametrized restricted
models and their associated design matrices are symmetry and quasi-symmetry models.
These are particular models where we can get the reparametrized models, although we
have a vertex and edge colouring.

Suppose we have the same symmetry and quasi-symmetry models shown in section
7 for the binary variables C' and A. We obtain the following matrix for the correspond-
ing quasi-symmetry model

A Ac(0) Ac(l) Aa(0) Aa(l) Aca(00) Aca(01) =Aca(10) Aca(1l)

00 1 1 0 1 0 1 0 0

X = 01 1 1 0 0 1 0 1 0
10 1 0 1 1 0 0 1 0

11 1 0 1 0 1 0 0 1

The first column corresponds to the constant term A, the next two columns cor-
respond to the parameters A¢(i), i = 0,1, the following two columns correspond to
Aa(i), i = 0,1, and the last three columns correspond to the three edge classes: one
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including Ac4(00), another including the equality Aca(01) = Aca(10), and the last
one including Ac4(11). The rows represent, from top to bottom, the cells (0,0), (0, 1),
(1,0) and (1, 1), where the first entry corresponds to C' and the second corresponds to
A. Observe that the column corresponding to the equality is obtained by summing the
Aca(01) and Aca(10) effects. Formally, X is obtained using the X and the other
matrices defined above.

The associated reparametrized model has design matrix

u uc(0) ua(0) Aca(01) =Aca(10)
00 1 1 1 0
Y= 01 1 1 -1 1
10 1 -1 1 1
11 1 -1 -1 0

As before, the first column corresponds to the constant term, the following two
columns correspond to the reparametrized parameters uc(0) and u4(0). The last col-
umn correspond to a reparametrized parameter representing the equality Aga(01) =
Aca(10) associated to the edge colouring. This reparametrization is obtained by elim-
inating the columns corresponding to the Ac4(i7) parameters and leaving the columns
corresponding to the Aca(ij) = Aca(ji), i # j restrictions.

Using either matrix, X or Y, and eliminating redundant equations, we can obtain
the likelihood equations based on the equation systems X'n = X'm or Y'n = Y'm,
respectively, corresponding to the following equations.

m(i,.) =n(i,.), i =0,1;
m(.,i) =n(.,i), i =0,1;
(i, j) + i, i) = n(i,5) +n(j,0), i < j,i,j =0,1;
which are the likelihood equations obtained for a quasi-symmetry model as presented
for example in Agresti, 2002, p. 425.

In a similar way, we can get the matrix for the corresponding symmetry model

A A1(0) A1(1) Aca(00)  Aca(01) =Aca(10)  Aac(11)

00 1 2 0 1 0 0

X = 01 1 1 1 0 1 0
10 1 1 1 0 1 0

11 1 0 2 0 0 1

As before, the first column corresponds to A. The second column represents the
A1(0) parameter, this is, the common effect of both variables, which are in the same
vertex colour class, in the first category. The third column corresponds to the A;(1)
parameter, the common effect of both variables in the second category. The last three
columns correspond to the edge colour classes formed by Ac4(00), the class in which
Aca(01) = Aca(10), and the class formed by Aca(11), respectively.
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The corresponding reparametrized model has design matrix

u ui(0) Aca(01) = Aca(10)
00 | 1 2 0

Y= 01 | 1 0 1
10 1 0 1
11 1 —2 0

The first column corresponds to u. The second column represents u;(0), which
is the reparametrization for the unique vertex colour class, and it is obtained sum-
ming the corresponding reparametrized main effects. The last column corresponds to
a reparametrized parameter representing the equality Ac4(01) = Ac4(10), i.e. the edge
colour class, and it is obtained in the same way as in the quasi-symmetry model.

Using either matrix, X or Y, and eliminating redundant equations we obtain the
following likelihood equations

m(i, i) = n(i,i), i =0,1;

(i, ) + m(j,4) = n(i, ) + n(j,4), i <j,i,j=0,1

which are the likelihood equations obtained for a symmetry model as presented for
example in Agresti, 2002, p. 424.

11 Solution to the likelihood equations

The likelihood equations for restricted graphical log-linear models can sometimes be
solved using a closed expression, for example, for a symmetry model; however, in gen-
eral, numerical methods are used to get an approximated solution. There are two
commonly used methods to fit log-linear models: iterative proportional fitting, IPF,
(Bishop et al., 1975, p. 83-102, Christensen, 1990, p. 78-81, Lauritzen, 1996, p. 83-84,
and Fienberg et al., 1976) and Newton Raphson method (Agresti, 2002, p. 143-145, p.
342-343 and Christensen, 1990, p. 216-217).

We need to adapt these methods to solve the likelihood equations corresponding to
restricted graphical log-linear models. The Newton Raphson method is only used when
it is possible to have a reparametrized model, which means that a full rank matrix is as-
sociated to the model. The Newton Raphson method for restricted models is the same
method presented in categorical data analysis books, for example in Agresti, 2002, p.
342-343, but using the matriz Y associated to the reparametrized model including the
colouring, instead of the commonly used design matrix associated to the model that
does not include any restrictions or colourings. This means that if we have the matrix
Y, then we can fit the model using any available software that fits log-linear models
using the Newton Raphson method, for example SPlus, SPSS, SAS, R, etc. One ad-
vantage of this method is that we can approximate variances and covariances for the
parameters.
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A method that can always be used is a modification of the IPF method. The
commonly used IPF method (Lauritzen, 1996, p. 83) consists of the following steps
applied to every cell 7, ¢ € I:

1. We assign a value to mq(i), i € I. mg(i) = 1, for example.

2. We take all the elements in the generating class A, and we order them as desired
in a set (by,bs,...,br). We define T, =T;,,, v=1,2,....k, as

(Ty,m) (i) = m(z)
We recursively define

mr+1(i) = (TlTQTk)mr(z), r = O, 1, 2,

In every step, we make adjustments for all the elements in the generating class,
which means that we have k£ sub-steps for every step and every sub-step implies
adjustments in such a way that the marginal count is equal to the marginal
adjusted expected frequency for every by, which is exactly what the corresponding
likelihood equations say (n,(is) = ma(ia), Ya € A). For example, for the first
step, we have the following sub-steps:

m (i) = mo (i) L)
1) = mofi) .
1y — ol (G n(iy, ;) _ _
my () 1( )m[l@bkil)?l 1727""]{; 1.

3. The process continues until the maximal difference between the marginal counts
and the marginal adjusted expected frequencies reaches a pre determinated error

J.

For restricted graphical log-linear models, there are some likelihood equations that
have to be solved additional to the equations obtained for the elements in the generating
class A. These additional equations correspond to the first order interactions and main
effects. Therefore, we have to add other transformations. Supposing that all variables
have the same total categories J, we define for every vertex colouring Vi, k =1,2,..., T,
the following transformations

Zjer ”(Uf =1)
v, M= 1)

(Tv,ym) (i) = m(i)

(Tvi,@ym) (i) = m(i)




iV n 'U;g =J
(Tvi,(rym)(i) = m(i) %j:vk m<(v§€ = J))'

For the edge colouring, E;, with [ = 1,2,...,.S, we define the following transforma-
tions

Z{lvziv,m:jv}eEl n(ly = iv, 7o = J)
Z{lv:ivﬂ”vzjv}eEl m(lv - 7:1” TU - ]U)

The algorithm to solve restricted graphical log-linear models is similar to the one
explained; however, we have to add on step 2 these last transformations. This is, we
have to get for r =0,1,2, ...

(Tgym)(2) = m(i)

mMyri1 (Z) = (TlTQ--~TkTV1(1)TV1(2)-'-TVl(J)-'-TVT(l)TVT(Q)-~-TVT(J)TE1TE2----TES)mr (Z)

We have to consider that T, = T; is applied for |b;| # 1,2 and that not all transfor-
mations associated to the colourings are applied to every cell, it depends on the class
and cell. For example, if we have a cell whose entries corresponding to all the variables
in a colouring r are all different to 7, then there is no sense to apply to this cell the
transformation corresponding to Ty, ).

In order to fit restricted graphical models, a computer program is needed. We have
done a program and temporally called it REGRAPH. It fits the model using the modi-
fied IPF method explained above, this is because this is the method that can always be
used. If it were possible to use the Newton Raphson Method, then the modified IPF
method could be used to get the corresponding starting values. REGRAPH is written
in Fortran 6.5, using subroutines from Haberman (1972) to fit log-linear models. For a
specific model, the program calculates the fitted expected frequencies, the deviance, the
non-reparametrized associated design matrix, and the degrees of freedom correspond-
ing to the associated asymptotic chi square distribution, which are obtained using the
design matrix. Notice that in some particular cases, for example quasi-symmetry mod-
els, exact distributions have been calculated (Booth et al., 2003).

Numerical results obtained with REGRAPH for various models have been com-
pared with those obtained by using other software like MIM or Splus. These models
are log-linear models without restrictions, including graphical models, and symmetry
and quasi-symmetry models. In REGRAPH, the user has to give the data, including
how many variables and categories each variable has, the generating class, and the
vertex and edges colour classes of the model he wants to fit. The generating class has
to be known, if we do not know it, we could use a model search method to look for a
graphical model that fits the data. This process can be done in any available software
for graphical models, for example, MIM.
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12 Discussion and perspectives

When one is interested in searching colour classes, one would like to have a model
search method that helps to get the better colouring that fits the data. To do this, we
are working in methods that join colour classes, and using the deviance, tell us if it
is convenient to join the classes. These methods could be used to get a model search
method, using any initial vertex and edge colour class, for example a colouring in which
every vertex and every edge forms an atomic class. We want a process that joins iter-
atively classes whose joint is statistically significant until we get a restricted graphical
model which better fits the data, in the sense that using the deviance difference we do
not reject the null hypothesis that the parameters corresponding to the same colour
class in the model without joining classes are equal.

We observe that in order to join vertex colour classes, it is necessary that all vari-
ables have the same number of categories as in symmetry and quasi-symmetry models.
The number of models that we are eliminating by considering this are not so many,
they are the models where the vertex in atomic classes have different number of cate-
gories. Because of these reasons, and also in order to simplify the programming, we are
supposing that all variables have the same number of categories, i.e. we have square
tables. We are also supposing that we do not have structural zeros, i.e p(i) > 0 or
m(i) > 0 if the cells counts are realizations of Poisson or multinomial distributed ran-
dom variables, respectively, although we could have sampling zeros. In this last case
the model could provide zero and nonzero estimates, zero estimates are obtained when
cells are arranged so that some of the configuration cells are empty. In this case we
could adjust the corresponding degrees of freedom by taking the degrees of freedom
minus the number of parameters that can not be estimated minus the number of cells
estimated as zeros.

It is important to notice that, depending on the model, we could determinate that
more than one colouring is adequate, even before fitting the model. This is because
the equations corresponding to the elements in the generating class sometimes auto-
matically imply the equations corresponding to various colourings. This means that
for some data many colourings are possible.

Currently, we are working on REGRAPH in order to get a program easier to use
giving more information to the user. Also, we are working with the program that joins
edge colour classes. The program corresponding to vertex colour classes has already
been done. At the same time, we are working with the model search algorithms, which
are going to be based on some parts of the mentioned join colour classes methods.
All these programs are being made in Fortran, but it will be necessary to use some
graphical interface, done in Fortran or in another program, which will give the graphs
corresponding to the fitted models.

Additionally, we are considering to analyze a particular simpler subset of these

models, the models with restrictions of the type Axy(ij) = Azgr(ij), for any i and j,
and any vertex colouring. These models could have a less complicated graph repre-
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sentation and interpretation. For these particular models, a more interactive program
could be made whose graphs are easier to understand for any user.
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